Abstract-This paper presents a reactive collision avoidance algorithm for vehicles with unicycle-type nonholonomic constraints. Static and dynamic obstacles are avoided by keeping a constant avoidance angle to the obstacle. The algorithm compensates for the obstacle velocity, which can be timevarying. Conditions are derived under which successful collision avoidance is mathematically proved, and the theoretical results are supported by simulations. The proposed algorithm makes only limited sensing requirements of the vehicle. It is intuitive, has a low computational complexity and is suitable also for vehicles with a limited speed envelope or heavy linear acceleration constraints. This is demonstrated by applying the algorithm to a vehicle with a constant forward speed.
The potential field methods consider only static obstacles, and the performance of vehicles with nonholonomic constraints is rarely analyzed. The dynamic window algorithm [10] , [11] incorporates such constraints by searching through a set of valid vehicle trajectories to find a safe control input. Again, only static obstacles are considered.
The velocity obstacle [12] and collision cone [13] approaches deal with moving obstacles. However, they do not consider vehicles with nonholonomic kinematic constraints. The generalized velocity obstacle [14] compensates for nonholonomic kinematics by defining the velocity obstacle in terms of safe control inputs to the vehicle. A sampling-based approach has to be used to find a safe control, making the algorithm computationally expensive.
The acceleration-velocity obstacle approach [15] introduces acceleration constraints into the velocity obstacle, and can be applied to nonholonomic vehicles moving at nonzero speed. The algorithm proposed by [16] removes the nonholonomic constraints by using input-output linearization. However, both these methods become very restrictive when the linear acceleration bound is much more strict than the bound on angular acceleration, which can be the case for vehicles such as fixed-wing aircraft.
A local, range-only-based CA algorithm for nonholonomic vehicles is proposed in [17] , which considers moving obstacles of arbitrary and time-varying shapes. The sensing requirements on a vehicle using the algorithm in [17] is very limited, however the algorithm places heavy restrictions on the obstacle velocities.
The algorithm presented in [18] resembles the vector field histogram [8] , and uses sensor measurements directly to obtain obstacle-free directions ahead of the vehicle. It is proved that the algorithm makes a nonholonomic vehicle safely traverse a complex environment with multiple moving obstacles. The algorithm does not, however, make use of the obstacle velocity, something which can give overly conservative restrictions to obstacle movement in cases where obstacle velocity measurements are available. Such measurements are indeed not always available, but can be obtained for example by using a lidar or sonar able to measure Doppler shift. In this paper, the obstacle velocity is assumed to be available, and the algorithm we propose make use of it.
Another reactive algorithm for nonholonomic vehicles is presented in [19] , where a constant avoidance angle is maintained between the vehicle heading and the tangent from the vehicle to the obstacle. The algorithm makes use of the obstacle velocity, has a low computational complexity and limited vehicle sensing requirements. It is mathematically proved that the vehicle avoids obstacles moving with constant velocity, however the analysis does not consider time-varying obstacle velocity.
The algorithm proposed by [19] varies the vehicle speed as it circles around the obstacle, and can in some cases make the vehicle almost stop. This can be unfortunate for vehicles with a limited speed envelope, such as fixed-wing aircraft.
Other vehicles, such as many marine vehicles, have a very large inertia which restricts the linear acceleration. For such vehicles, it is preferable to apply CA algorithms that maintain a constant forward speed. Reactive CA algorithms that maintain a constant forward speed for cooperating nonholonomic vehicles are given in [20] [21] [22] . However, in a real world scenario the obstacles may not always be other cooperating agents. There is thus a need for an algorithm that lifts this assumption.
The main contribution of this paper is a reactive CA algorithm for nonholonomic vehicles. The algorithm builds on the work in [19] , making the vehicle maintain a constant avoidance angle to the obstacle. However, the algorithm we propose only steers the heading of the vehicle, and is decoupled from vehicle speed, allowing the vehicle to maintain a constant forward speed. It is thus more suitable for vehicles with a limited speed envelope or heavy linear acceleration constraints. To show the applicability to such vehicles, we apply the algorithm to a vehicle that is restricted to keep a constant forward speed. The algorithm can also be used on vehicles without such restrictions, which will then give a large amount of flexibility in designing the desired speed trajectory. Since the proposed algorithm only uses measurements that can be obtained more or less directly from the sensor, and uses few calculations to obtain the desired heading, it has a low computational complexity.
Unlike the works presented in [20] [21] [22] , which assume cooperating obstacles, and the analysis in [19] , which only considers obstacles moving at constant speed, we make very few assumptions on the overall obstacle behavior. Indeed, the obstacle might even be actively pursuing the vehicle. The only assumption made on the obstacle velocity is that its maximum speed is less than the vehicle speed. A mathematical analysis is applied to derive a lower bound on the maximum vehicle turning rate required to guarantee avoidance of a circular obstacle with time-varying velocity. The implementation of the algorithm does not, however, require knowledge of the obstacle shape. Only the angles from the vehicle to the outermost edges of the obstacle are required in addition to the obstacle velocity.
Another contribution of the paper is the introduction of an extended vision cone, which defines the sets of safe and unsafe directions at the current vehicle speed and is used to define the criterion for transition between guidance mode and CA mode.
The remainder of this paper is organized as follows. Section II describes the vehicle and obstacle models, the sensing model and the control objective of the system. Section III states the heading controller and the target reaching guidance law employed when the vehicle is not in CA mode. Section IV describes the CA algorithm, and the CA property of the system is mathematically proved in Section V. The analysis is supported by simulations in Section VI. Finally, concluding remarks are given in Section VII.
II. SYSTEM DESCRIPTION

A. Vehicle model
The vehicle is modeled as a unicycle-type vehicle,
where x(t) and y(t) are the vehicle's Cartesian coordinates, u is the forward speed, and ψ(t) and r(t) are the heading and heading rate, respectively. The vehicle position is denoted
The vehicle forward speed u > 0 is constant.
Assumption 2: The heading rate r(t) is directly controlled, and bounded by
where r max > 0 is a constant vehicle parameter.
B. Obstacle model
The obstacle is modeled as a nonholonomic vehicle,
where x o (t) and y o (t) are the Cartesian coordinates of the obstacle, u o (t) and a o (t) are the forward speed and acceleration, and ψ o (t) and r o (t) are the obstacle heading and heading rate. The obstacle velocity vector is defined as
The obstacle is modeled as a moving circu-
T . Remark 1: The CA algorithm presented in this paper can also be applied to non-circular obstacles, as shown in the last simulation scenario in Section VI.
Assumption 4: The obstacle forward speed
Assumption 5: The obstacle forward acceleration a o (t) is bounded by
where a o,max > 0 is a constant parameter. Assumption 6: The obstacle heading rate r o (t) is bounded by
where r o,max > 0 is a constant parameter. 
C. Sensing model
This section describes the obstacle measurements needed to implement the CA algorithm. The minimum distance d o (t) between the vehicle and the obstacle at time t is defined as
where || · || denotes the Euclidean norm. The vehicle is able to measure both d o (t) andḋ o (t) when the obstacle is within a sensing range d sense > 0. Furthermore, the vehicle is able to measure the angles α (1) (t) and α (2) (t) between the xaxis and the sides of the vision cone from the vehicle to the obstacle, as shown in Figure 1 . Finally, the vehicle is able to measure the obstacle velocity
T .
D. Control objective
The objective of the control system and the CA algorithm is to make the vehicle reach a target position p t = [x t , y t ] T at some unspecified time t f ∈ [0, ∞):
This goal should be achieved while keeping at least a minimum safety distance d safe to the obstacle:
III. CONTROL SYSTEM The control system has two modes; guidance mode and CA mode. In guidance mode, the guidance law given in Section III-B makes the vehicle move straight towards the target. If the obstacle comes within range and the desired heading from the guidance law is unsafe, the control system enters CA mode. This switch is described in Section IV-C. The desired heading is then given by the CA law presented in Section IV.
A. Heading controller
To make the vehicle reach the target heading as fast as possible, it is made to turn towards the desired heading ψ d at the maximum turning rate:
The heading error variableψ ψ − ψ d is chosen to belong to the intervalψ ∈ (−π, π], to ensure that the vehicle always makes the shortest turn towards ψ d .
B. Guidance law
When the control system is in guidance mode, the heading is guided by a pure pursuit guidance law [23] :
where ψ dg ∈ [0, 2π) is the desired heading. The pure pursuit law directs the vehicle straight towards the target position p t , and has the nice property that the heading reference will not change once ψ(t) = ψ dg (t), which simplifies the analysis of the system in Section V.
IV. COLLISION AVOIDANCE ALGORITHM
In this section we propose a CA algorithm that makes the vehicle maintain a constant avoidance angle α o ∈ (0, π 2 ) to one of the tangent lines between the vehicle and the obstacle. The vehicle keeps a constant forward speed while maintaining the avoidance angle, and the algorithm compensates for obstacle velocity.
For clarity of exposition, a static obstacle is considered first. The algorithm is then extended to include a moving obstacle. The rule for switching between nominal guidance and CA is defined in Section IV-C, while Section IV-D gives a criterion for moving in a clockwise or counter-clockwise direction around the obstacle.
A. Static obstacle
To obtain headings keeping the avoidance angle α o to the tangents from the vehicle to the obstacle, the vision cone is extended by α o as shown in Figure 2 . The direction of the sides of the extended vision cone are denoted β (1) and β (2) . Two velocity vectors v β (1) and v β (2) are defined along the sides of the extended vision cone as
where j = {1, 2}. In order to make the vehicle keep the constant forward speed, u β (j) (t) u. The candidates for the desired heading in order to avoid collision are thus
In Section IV-D we present a criterion for choosing between these two candidates.
Note that, when the obstacle is considered static, the proposed CA law and the one presented in [19] both reduce to the same form.
B. Moving obstacle
To avoid a moving obstacle, the proposed CA algorithm will make the vehicle keep the velocity v β (j) (t), given in (12) , in a non-rotating coordinate frame moving with the obstacle velocity v o (t). In order to achieve this, a compensated vision cone V o (t) is defined by compensating the extended vision cone for the obstacle velocity v o (t), as illustrated in Figure 3 . The velocity vectors defining the sides of V o are x y β (2) v ca γ ca v β (2) γ vo (2) (2) then given by
These are the candidates for the desired velocity of the vehicle in CA. Since the vehicle keeps a constant forward speed u, the length of the velocity vector is set to ||v 
where ψ o (t) is the direction of v o (t) as defined in (3). The sine rule can then be used to find the angle γ
The CA law for avoiding a moving obstacle is then given by (17) :
Compared to the CA law given in (13) for avoiding a static obstacle, the desired heading compensates for v o (t) by the addition of γ ca (t) is bounded by ± sin −1 (u o,max /u). This bound can be used in (17) if the obstacle velocity is not available. It is then also possible to use a CA algorithm designed to not include obstacle velocity, like the one presented in [18] .
C. Switching rule
We define that the vehicle enters CA mode at a time t 1 if the obstacle is closer than or equal to a chosen range, d switch , and the heading ψ dg (t 1 ) from the nominal heading guidance law in (11) is within the compensated vision cone V o (t 1 ):
Nominal guidance towards the target will resume at a time t 2 when ψ dg (t 2 ) moves outside V o (t 2 ), i.e. when ψ dg (t 2 ) can be considered safe:
D. Turning direction
The proposed CA algorithm (17) provides two alternative candidates for the desired heading in order to avoid collision. We will use this flexibility to make the vehicle seek to move behind the obstacle. In particular, we choose the following direction parameter j when the vehicle enters CA mode:
(21) When d o (t) = d switch this maximizes the difference between the obstacle heading and the CA direction. However, if the obstacle is closer than d switch when the vehicle enters CA mode, the vehicle will make the shortest turn towards a safe direction. This can for instance happen if a nearby obstacle turns so that the current vehicle heading becomes unsafe.
Remark 3: The algorithm avoids collisions regardless of the method used to choose j when d o (t) = d switch .
V. MATHEMATICAL ANALYSIS
This section presents a mathematical analysis of the closed-loop control system (1), (10) , including the switching between guidance mode where ψ d in (10) is given by (11) , and CA mode where ψ d is given by (17) , according to the switching rule in Section IV-C. In particular, for a static obstacle we will show, as stated in the following lemma, that a vehicle maintaining v β (j) (t) (12) will converge to a circle around the obstacle. Lemma 2 gives a bound on the angular velocity of ψ (j) dca given by (17) when avoiding a moving obstacle. These lemmas are then used in the proof of Theorem 1, which states that the control objectives (8) and (9) are met for a vehicle (1) controlled by the controller (10), guidance law (11) and CA law (17) , in the presence of an obstacle with time-varying velocity.
Lemma 1: If the obstacle is static and α o ∈ (0, π 2 ), then a vehicle described by (1) maintaining the velocity v β (j) (t) (12) with forward speed u β (j) (t) > 0 converges to a circle C with center at the obstacle center and radius Ro cos(αo) . Furthermore, if the vehicle starts outside C, then
Proof: A vehicle moving with velocity v β (j) (t) maintains the avoidance angle α o to one of the tangent lines from the vehicle to the obstacle, as shown in Figure 2 . The distance between the vehicle and the obstacle thus evolves aṡ
where u β (j) (t) is the length of v β (j) (t) given by (12) , and γ t (t) > 0 is the angle from the line connecting the vehicle and the center of the obstacle to the tangent line as seen in Figure 4 . It follows thatḋ o (t) < 0 when
Hence, the vehicle will converge to C, and if the vehicle starts outside
It follows from Lemma 1 that if the avoidance angle α o is chosen to satisfy
then, under the conditions that the obstacle static, the vehicle starts outside C and keeps the velocity v β (j) (t) from (12),
To ensure that the vehicle is able to follow ψ (j) dca (t) (17), it is required that r max ≥ |ψ 
Proof: Without loss of generality, j = 2 in the following analysis. Furthermore, the dependency on time will be omitted in the notation. Equation (17) giveṡ Figure 4 shows that β (2) = γ o + γ t + α o , and hencė
The angular velocity of γ o can be found geometrically asγ
The tangent angle γ t is
which giveṡ
The time derivative of d o is found geometrically aṡ
Combining (29) - (32), applying Assumptions 1 and 4 and maximizing with respect to ψ and ψ o give the following bound:
The time derivative of γ (2) ca is found by using (16),
whereγ (2) vo is found from (15) aṡ
Using Assumptions 1 and 4 -6,γ (2) ca is bounded by
Inserting (33) and (36) into (27) gives
which concludes the proof. Remark 4: The bound (26) on |ψ Before we state the main theorem, we need to make the following assumption to ensure that the target is outside the circle of convergence around the obstacle:
Assumption 7: The distance d o,t (t) from the obstacle to the target position p t satisfies
where d o,t (t) is defined as
Remark 5: Vehicle safety is guaranteed even if this assumption is not met, however it is then not ensured that the target will be reached.
In addition, the vehicle should be able to start safely: Assumption 8: The initial distance between the vehicle and the obstacle satisfies
(40) The main theorem is now ready to be stated. Theorem 1: If Assumptions 1-8 hold, the avoidance angle satisfies
the maximum vehicle turning rate satisfies
and the switching distance satisfies
then a vehicle described by (1), controlled by the controller (10), guidance law (11) and CA law (17) , will maneuver to p t in the presence of an obstacle described by (3) while ensuring that
where t f is the time of arrival at p t . Proof: The proof follows along the lines of the proof used in [19] , which argues that as long as the vehicle is able to follow the desired heading reference from the CA algorithm, it will successfully avoid the obstacle. To achieve this we use the bound onψ (j) dca from Lemma 2, along with the switching rule we proposed in Section IV-C.
The switching distance d switch given in (43) ensures that the vehicle is able to turn 180
• before the obstacle can be within distance d safe of the vehicle's turning circle. There is then a time t 1 when d(t 1 ) >= d safe and ψ(t 1 ) = ψ dca (t 1 ). Applying Lemma 2 gives |ψ dca (t)| ∀t > 0, and the vehicle is able to follow (17) ,
where t 2 is the time when the vehicle will exit CA. In a coordinate frame moving with velocity v o , the vehicle moves with velocity v β (j) (t). Hence, the CA algorithm for dynamic obstacles (17) reduces to the one for static obstacles (13), but with varying relative vehicle forward speed u β (j) (t). From Figure 3 , it can be seen that u β (j) (t) achieves minimum when γ
Since u o (t) < u by Assumption 4, u j β,min > 0. Lemma 1 then implies that the vehicle will converge towards a circle C, which moves with velocity v o . The circle has radius Ro cos(αo) , and the bound on α o given in (41) makes
which satisfies control objective (9) . Since the vehicle circles around the obstacle, Assumption 7 ensures that there will be a time t 2 when the line of sight to the target p t will be outside of V o . The vehicle will then exit CA mode and proceed towards the target. It follows from Lemma 1 that any direction outside of the cone V o ensures that d o > d safe , and hence the direction towards p t is safe.
The obstacle may turn so that the line of sight to p t comes within V o before d o > d switch , making the vehicle enter CA again. However, since v (1) ca and v (2) ca are first order differentiable with angular velocity less thanψ dca,sup , and ψ dca is then chosen to be the closest of v (1) ca and v (2) ca by (21), the vehicle is immediately able to follow ψ dca to avoid the obstacle again.
Finally, since u > u o,max , the vehicle will eventually be able to escape the obstacle and reach the target. This satisfies control objective (8) and concludes the proof.
Remark 6: If the heading rate r(t) is not set instantaneously as assumed in Assumption 2, but rather controlled by a globally exponentially stable controller, the vehicle will still be able to follow the heading reference trajectory from the CA law. The lower bound on the switching distance (43) must then be increased to account for the heading convergence time. for the circular obstacle, and thus r max >ψ dca,sup , satisfying (42). Using (24), the minimum offset angle for the circular obstacle is found as α o,min = 41.4
• . We choose α o = α o,min and d switch = d switch,min .
In the first scenario, shown in Figure 5 , the vehicle and the obstacle are initially on a head-on collision course where the obstacle moves along a straight trajectory towards the vehicle. At time t 1 = 6.96 s the distance to the obstacle satisfies d(t 1 ) ≤ d switch , and the vehicle enters CA mode. Since the vehicle and the obstacle meets head on, the choice of direction parameter j becomes random. In this particular case j = 2 and the vehicle turns to the right. Figure 6 shows that |ψ (2) dca | <ψ dca,sup during the simulation. Hence, sinceψ dca,sup < r max , the vehicle is able to perfectly follow ψ (2) dca after a transition period, which agrees with r max ≥ψ dca,sup . The obstacle distance remains greater than d safe , as seen in the top half of Figure 6 . The simulation thus supports the theoretical results given by Theorem 1. At time 13.68 s, the line of sight to the target is outside of the cone V o (t), and the vehicle enters guidance mode. The vehicle then proceeds towards the target in accordance with the pure pursuit guidance law (11). In the second scenario, shown in Figure 7 , the obstacle approaches the vehicle along a circular trajectory from the left. The turning rate of the obstacle is set to r o = r o,max = 0.15 rad/s. The vehicle enters CA mode at time 5.49 s, and moves behind the obstacle in accordance with (21) . Figure 8 shows that, like in the first scenario, |ψ
dca | < ψ dca,sup and d(t) ≥ d safe during the simulation. Thus, the second simulation also supports the results given in Theorem 1.
The third scenario, shown in Figure 9 , contains a concave obstacle moving straight towards the vehicle with speed u o = u o,max = 0.5 m/s. The obstacle consists of two connected arms with circles of radius 3 m at the extremities. The circle radius was used as input to (24) to obtain α o,min = 41.4
• , while (43) gives d switch,min = 4.57 m, both of which where used in the simulation. At time 22.02 s the obstacle comes within switching distance. The vehicle travels along the edge of the obstacle until time 50.17 s, when the direction to the target becomes safe and the vehicle continues towards it. Figure 10 shows that d(t) ≥ d safe during the simulation.
VII. CONCLUSIONS
This paper has presented a reactive collision avoidance algorithm for nonholonomic vehicles. The algorithm makes the vehicle keep a constant avoidance angle to the vision cone from the vehicle to an obstacle. The algorithm compensates for the obstacle velocity, which can be time-varying. The obstacle is not assumed to be cooperating, and might even be in active pursuit of the vehicle. The proposed algorithm is intuitive, has low computational complexity and is suitable for a wide range of vehicles, including vehicles with a limited speed envelope or heavy linear acceleration constraints. This has been demonstrated by applying the algorithm to a vehicle restricted by a constant forward speed.
The main theorem of the paper states the conditions under which it is mathematically proved that a minimum safety distance between the vehicle and the obstacle is not violated. This includes a lower bound on the switching distance and an upper bound on the required vehicle turning rate. The analysis is validated through simulations, which in particular show that the desired vehicle heading rate does not exceed the theoretical bound. While the analysis is concerned with avoidance of a circular obstacle, implementation of the algorithm does not require knowledge the obstacle shape. In addition to the obstacle velocity, only the tangents from the vehicle to the obstacle are required. Hence, the algorithm can be used on obstacles of any shape, including concave shapes. Additional testing and analysis will, however, be required to investigate the behavior of the algorithm in such cases. As an example of such a case, a simulation of a successful avoidance maneuver around a concave obstacle has been presented. This paper has analyzed a single obstacle scenario. In the presence of multiple obstacles, the algorithm will treat obstacles close to each other as one and move towards the outermost tangent. However, a thorough analysis of the behavior of the algorithm in a multi-obstacle scenario is beyond the scope of this paper and is left for future work. Similarly, the system behavior when the vehicle has more complex dynamics, like a vehicle with underactuated dynamics, is the topic of future research.
